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Violation of the Robertson-Schrodinger uncertainty principle and 
non-commutative quantum mechanics 
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We show that a possible violation of the Robertson-Schrodinger uncertainty principle may signal 
the existence of a deformation of the Heisenberg-Weyl algebra. More precisely, we prove that 
any Gaussian in phase-space (even if it violates the Robertson-Schrodinger uncertainty principle) 
is always a quantum state of an appropriate non-commutative extension of quantum mechanics. 
Conversely, all canonical non-commutative extensions of quantum mechanics display states that 
violate the Robertson-Schrodinger uncertainty principle. 



1. Since its inception, quantum mechanics was for- 
mulated in terms of Hilbert spaces and self-adjoint 
operators acting therein. In this context Heisen- 
berg's uncertainty relations become a straightfor- 
ward consequence of the non-commutativity of the 
fundamental operators of position Q and momen- 
tum P and the Cauchy-Schwarz inequality. For a 
n-dimensional system, the Heisenberg-Weyl (HW) 
algebra reads: 



remainder of this work and assumed that position 
and momentum have the same units. If we define 
the phase-space variable Z = {Q, P), we have in 
more compact notation 



I Zj tJ'ij^ 



^,J = 1,••• ,2n, (2) 



where J = {Jij) is the standard symplectic matrix 



P 



1, 



(1) 



I 
I 



and all remaining commutators vanish. Since our 
results are much more general than simple rescal- 
ings of Planck's constant, we have set h = 1 for the 



A simple calculation leads to the inequalities 
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where Ag^. and Ap^. denote the mean standard- 
deviations of Qj and Pj with respect to an arbitrary 
state. The set of inequalities (|4]) are known as the 
Heisenberg-Weyl-Pauli inequalities. They are not 
invariant under linear symplectic transformations 
of the operators nor under metaplectic transforma- 
tions of the states. This prompted the search for 
an alternative set of inequalities which are stronger 
than the Heisenberg inequalities and have the right 
symplectic covariance properties. They are known 



as the Robertson-Schrodinger uncertainty principle 
(RSUP) [H: 



S + f J > 0. 



(5) 



Here S denotes the covariance matrix with re- 
spect to an arbitrary state and has entries =< 

< >) > = I,-- - ,2n) 



and < • > denotes an expectation value in a chosen 
state. In this work we shall focus on this form of 
the uncertainty principle, as it implies the Heisen- 
berg uncertainty relations, it is invariant under lin- 
ear symplectic transformations and moreover it con- 
stitutes the necessary and sufficient condition for a 
Gaussian to be a quantum mechanical state. In 
fact, Gaussians are of the utmost importance, not 
only because they are completely determined by 
their covariance matrix, but also because experi- 
mentally coherent and squeezed states play an im- 
portant role in quantum optics IZ], quantum compu- 
tation of continuous variables [3| and investigations 
of the quantum-classical transition [3| . 

Various authors have tested theoretically and ex- 
perimentally the validity of these inequalities and 
the consequences of their violation. For instance. 
Popper's experiment is usually regarded as a vio- 
lation of the uncertainty principle [5| . The type of 
arguments used by Popper Q are similar in spirit 
to those of the EPR experiment so that non- 
locality and the uncertainty principle seem to be 
inextricably linked. More precisely, the degree of 
non-locality of any theory is determined by two 
factors- the strength of the uncertainty principle, 
and the strength of a property called "steering", 
which determines which states can be prepared at 
one location given a measurement at another Q. 

In this work, we show that the breakdown of the 
uncertainty principle may hint that the sub-atomic 
world is described not by standard quantum me- 
chanics but by a non-commutative extension 
of it. This extension is obtained by replacing HW 
algebra ([2|) by a deformed algebra. This leads to 
an extra non-commutativity between the configura- 
tion and momentum variables. The most commonly 
used deformed algebra reads: 



1, 



where the matrix — (flij) is given by: 

I 



O = 



I T 



,2n, (6) 



(7) 



Here © 



j) and T = (rjij) are real con- 



stant skew-symmetric nxn matrices measuring the 
strengths of the position-position and momentum- 
momentum non-commutativities, respectively. 



Non-commutative quantum mechanics (NCQM^ 
is usually regarded as a non-relativistic one-particle 
sector of the very discussed non-commutative quan- 
tum field theories 
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which emerge in the context 
of string theory and quantum gravity [13] ■ 

Deformations of the HW alagebra have also in- 
teresting implications for quantum cosmology and 
this new structure leads to the thermodynamic sta- 
bility of black holes and a possible regularization of 
the black hole singularities [l3| . 

In this letter, we address the properties of states 
of NCQM. Various features of noncommutative 
quantum states^ for the algebra ©-([Tl) have already 
been derived J9']. Here we are concerned with the 
possibility of using Gaussian states to identify the 
correct algebraic structure for quantum mechanics. 
More precisely, we show that: (i) NCQM displays 
states which are not states in standard quantum 
mechanics (as they violate the RSUP); (ii) con- 
versely, that any Gaussian state (even if it is not 
a state in standard quantum mechanics) is never- 
theless a state of some NC quantum theory; (iii) 
this NC theory is not unique and one can always 
find a NCQM for which the Gaussian is a quantum 
pure state. We stress that that all these results are 
true independently of the value of Planck's constant 
and we set h = 1 for the entire paper. 

Our proof takes place in the context of the Weyl- 
Wigner formulation or deformation quantization 
framework, where position and momentum vari- 
ables appear on equal footing. As shown in [9], it is 
only in this formulation that one can tell whether 
states correspond to a quantization of the HW al- 
gebra or some of its deformation. 
2. A symplectic form on a real vector space V is 
a bilinear map u : V x V ^ S., which is skew- 
symmetric {uj{v,v') = —uj{v',v) for all v,v' e V) 
and non-degenerate {uj{v,v') = for all v' ^ V 
implies v — 0). The archetypal symplectic vector 
space is V ^ R^" = x R^J endowed with the 
standard symplectic form: 



a{z, z') = z ■ 3z' = p ■ 



x-p , 



(8) 



where J is the standard symplectic matrix and z 
{x,p), z' = {x',p') e R2". 
Now, let 



U!{z, z') — Z ■ ^1 



(9) 



be another arbitrary symplectic form on R^". Here 
n is some real, anti-symmetric, non-singular, 2n x 
2n matrix (not necessarily 0}. A well known theo- 
rem in symplectic geometry [14| states that all sym- 
plectic vector spaces of equal dimension are sym- 
plectically equivalent. In other words, there ex- 
ists a real non-singular 2n x 2n matrix S such that 



a;(Sz,Sz') = (t{z,z') for all z,z' e R^", or matrix- 
wise 

n = sjs'^. (10) 

Obviously, the matrix S is not unique. Indeed, let P 
denote a symplectic matrix (P € Sp{2n; a)), that is 
PJP^ = J. Then the matrix SP also satisfies (fTO]) . 
We shall call the set of all matrices which satisfy 
the set of Darboux matrices associated with oj 
and denote it by 'D{2n;uj). 

Conversely, given any real, non-singular, 2n x 2?! 
matrix S, let ft be defined by (llOp . Then uj given 
by ([9]) is a symplectic form on M^". This simple 
observation will be the crux of our main result. 
A. Quantization on the standard symplectic 
space. To quantize a system on the standard sym- 
plectic space, one resorts to the HW operators 

U^iz) ^ e""^'-^'^ e^(p-Q^^-P) (11) 

with z = {x,p) £ ]R2n^ ^^^j.^ 2 = {Q,P) de- 
note the quantum mechanical position and momen- 
tum operators. 

These operators constitute a unitary irreducible 
representation of the HW algebra. Indeed, they 
satisfy the relations 

U„{z)U„{z') = e^(^'^')c/,(z + z') 

- e'^^'''">U,iz')U„iz), (12) 

which can be readily obtained from the HW alge- 
bra ([2]) through the Baker-Campbell- Hausdorff for- 
mula. 

A generic linear operator acting on the Hilbcrt 
space of the system (in this case L^(M")) can then 
be represented by 

A = (27r)-" J dz aa{J'^z)Ua{z), (13) 

where So- denotes the Fourier transform of some 
suitable tempered distribution aa-{z) on the phase- 
space, commonly known as the Weyl-symbol of the 
operator A. ^ 

Since Tr{Ua{z)) = (27r)"(5(z), we obtain from 
(HH) that Tr{Ua{z)Ua{z')) = (27r)"(5(z + z'), and 
(fT3)) can be readily inverted. Thus, acr(z) = 

Tr {Au„{3^^z)^ , and the Weyl symbol of A reads: 

An- WaA = aa{z) 

= i2n)-" J dz' Tr (aC/<,(z')) e'"^''' 

^ j dy <x + ^\A\x-^> e-'Py. (14) 

This procedure establishes a one-to-one map Wa - 
called Weyl correspondence - between linear opera- 
tors and the associated symbols. 



The state of a quantum system is represented by 
a positive trace-class operator, the density matrix 
p. When applied to p the Weyl correspondence 
yields (up to a normalization constant) the cele- 
brated Wigner function on (R^" , a) : 

Wap{x,p) ^ {2tt)-" J dy <x+^\p\x-^>e-'P-y. 

(15) 

In particular, for a pure state p = {ip >< V'l for 



Waip{x,p) = (27r)-" j dyi,{x + ^)^{x- ^)e-'P-y. 

(16) 

In general, it is very difficult to assess whether a 
function F{x,p) in phase-space is the Wigner func- 
tion of some density matrix (see e.g. [15[). A no- 
table exception are the Gaussians 

^^^c(-) - (i^y4^ exp [-i(z - C) • S-\z - C)] 

(17) 

where z = {x,p) e R^", C G K^" and S is the 
covariance matrix, which is a real, positive-definite 
2n X 2n matrix. It is a well documented fact 0, 
fisl that such a Gaussian is a Wigner function on 
(R2"; ct) if and only if it satisfies the RSUP ©. 

We may be more specific and determine whether 
the Gaussian is the Wigner function of a pure state. 
Indeed, it has been proven [J| that (HT]) is the 
Wigner function of a pure state if and only if there 
exists P € Sp{2n; a) such that 

S = iP'^P. (18) 

B. Quantization on non-standard symplectic 
spaces. NCQM results from quantizing the clas- 
sical theory on a non-standard symplectic space 
(R2";a;) In this case, the HW algebra © 

is replaced by the modified algebra ([6|). The HW 
operators (fTT|) become 

[/^(^) = e""(«'^) =e'«-""'^. (19) 
and concomitantly 

U^iOUAO = e^(«')c/^(e + e') 

= e-(«^«')f/„(C')^-(0- (20) 

Since S = SZ for some S e 'D{2n;uj), from (fTOl) : 

TriU^iOU^iO) = (2^)"Vd^,5(e + e')-(21) 
Substituting (PT|) into ([T^. we obtain 

1= (27rVdetJ7)-" / dz' a^{n''^z')U^{z'), (22) 



where pO]) and ai^{u) — a^iS'^u) have been used. 
Hence, the Weyl symbol of A on (IR^";ci;) is given 

by 



A ^ W^A = a^{i) = (Vd^)-ia,(S-iO 



= ((27r)"dctJ^)-i/ rf^' Tr(AU^{S,')) e 



(23) 

In particular if W^p denotes the Wigner function 
of a density matrix p on (R^";ct), then the corre- 
sponding Wigner function on (R^";a;) is given by 



VdctO 



w.p{s-'0- 



(24) 



C. Main result. From (|24l) one can derive the 
counterparts of the RSUP and Littlejohn's Theo- 
rem [4] for Gaussians on (R^";u;). From ([5]) and 
((24|) . we conclude that the Gaussian ([T7| is a quan- 



(25) 



Likewise, from ((T8| and ([24| . the Gaussian is a 
Wigner function on (]R^";cj) of a pure state if and 
only if there exists a matrix C G 2?(2n; cj) such that 



tum state on (K , w) if and only if 
S-l- ifJ > 0. 



(26) 



We are now in condition prove our main result. 

Let Gi:x ^2 a Gaussian of the form |J7[ ). Then 
there exists a matrix ft associated with a 
symplectic form |3), such that Gsx ^•s ^ quantum 
state of the NCQM based on the deformed 
Heisenberg algebra 0). 

Indeed, since S is positive definite, there exists a 
real, non-singular, 2n x 2n matrix C for which (pS)) 
holds. Define a matrix $7 by = CJC-^. Clearly, 
the form uj defined by ([5]) is a symplectic form and 
C e 'D{2n;uj). According to Littlejohn's Theorem 
;) fcf.f^). then Qj:,^^ is a Wigner func- 
; w) of a pure state. This concludes the 



p2n 



tion on 
proof. 

Notice that, as a by-product of the proof, for any 
Gaussian, one can always find a NCQM for which 
the Gaussian is a pure state. In a certain sense this 
procedure amounts to a purification of the state. 

There is a converse result of the previous one. 
Namely: given a NCQM we can always find quan- 
tum states which violate the standard RS uncer- 
tainty principle. A general proof of this result is 
beyond the scope of the present letter. Here we 
shall illustrate explicitly this result for NCQM in 2 
dimensions with algebra ©-((T]). That is 



n 



eE I 

-I r;E 



E 



1 

-1 



(27) 



where 6*, 77 > are real constants such that ^ — 
Or] <1. A simple Darboux matrix is C G 'D{2n;uj) 
given by 



2/i 



(28) 



where p, A are real parameters such that 2pX = 
1 + Vl ~ C- By construction the Gaussian with 
covariance matrix S = ^CC-^ is a Wigner func- 
tion on the non-standard symplectic space (R'*,a;). 
However, a straightforward calculation reveals that 
it violates the standard RSUP ([S]). 
3. Let us close our discussion with some clarifying 
remarks. The symplectic form lo such that Gs^ 
a quantum state on (R^";cj) is not unique. Indeed, 
a phase-space function may be a Wigner function 
upon quantization on several distinct symplectic 
spaces (see @ for examples). Moreover, although 
our result proves that a Gaussian will always be 
associated with some pure state on an appropriate 
symplectic space, it may nevertheless be a Wigner 
function on another symplectic space, this instance 
associated with a mixed state. 

Finally, one could wonder whether any reasonable 
function on phase-space will always be a Wigner 
function on some appropriate symplectic space 
(R^"; w). By a reasonable function, we mean a func- 
tion which satisfies some obvious a priori require- 
ments of Wigner functions: being real, normalized, 
uniformly continuous, bounded, square integrable, 
etc. The answer is negative. Indeed if a function 
F{z) is a Wigner function on some (R^";a;), then 
there has to exist a matrix S such that | det S|i^(Sz) 
is a Wigner function on (R^";cr). But one may 
easily construct functions which are reasonable but 
are not Wigner functions on (R^";(7), even admit- 
ting rescalings of Planck's constant. The deriva- 
tion of such examples is difficult and beyond the 
scope of the present work. It requires the concept 
of Narcowich- Wigner spectrum 'l5|. We shall get 
back to this issue in a future work. 
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